General models are proposed for natural convection from horizontal circular and square isothermal toroids. The models consist of the linear superposition of the corresponding diffusive limits (shape factors) and the laminar boundary-layer asymptotes. The asymptote for the dimensionless shape factor for the circular toroid is used to nd simple expressions for accurate calculation of the diffusive limits for the circular and square toroids over the full range of the outer-to-inner diameter ratios. Simple expressions are developed for accurate evaluation of the body-gravity function of the boundary-layer asymptote for the circular and square toroids by the method of inscribing and circumscribing circular cylinders and circular toroids within the equivalent square cylinder or square toroid. The Nusselt and Rayleigh numbers, and the dimensionless shape factor and body-gravity function are based on the characteristic body length, the square root of the total surface area of the body. The proposed models are compared against air data obtained for the circular and square toroids and equivalent cylinders. The agreement between theory and experiment is very good. 
Nomenclature
. Aihara 2 did not, however, report heat transfer results.
The objectives of this paper are the following: 1) Propose procedures for developing models to predict natural convection from horizontal, isothermal circular and square toroids and equivalent cylinders.
2) Obtain simple correlation equations for air cooling.
3) Compare the proposed models and correlation equations with some experimental data.
General Three-Dimensional Natural Convection Model
The general expression for natural convective heat transfer from three-dimensional isothermal bodies The laminar boundary-layer asymptote consists of the product of F(Pr), , and . The characteristic length in the G Ra A A Nusselt and Rayleigh numbers and the body-gravity function is the square-root of the total active surface area , which A was rst proposed by Yovanovich [3] [4] [5] for natural and forced convection heat transfer from bodies of arbitrary shape. Yovanovich has previously used this characteristic length to nondimensionalize thermal constriction resistance 6-8 and conduction shape factors. [9] [10] [11] The laminar Prandtl number function 0.670 The body-gravity function
was proposed by Lee et al. 13 for axisymmetric and two-dimensional geometries.
The proposed three-dimensional model, Eq. (1) has been experimentally validated 14 for a range of body shapes such as 1) axisymmetric spheroids (oblate and prolate), sphere; 2) elliptic and circular cylinders; 3) thin circular and square plates in the vertical and horizontal orientation; and 4) other body shapes (cube, cones with apex facing upward and downward).
Buoyancy-induced ow over complex body shapes can be modeled by 1) partitioning the total body surface into component surfaces corresponding to the uid ow and 2) using the general formula, Eq. (3), for each component surface A i to nd the corresponding component body-gravity function .
The overall body-gravity function for the total body surface is determined by combining the component surfaces A i and their respective into a composite value. Equation (3) can G A i be used for all surfaces except horizontal surfaces (sin = 0). At present, semiempirical methods must be used to model buoyancy-induced ow over horizontal surfaces. 14, 15 There are two important ow patterns for which the composite or overall body-gravity function can be determined with relative ease. These are complex bodies such as a circular cylinder with hemispherical ends that is placed in a large extent of air in either the horizontal (axis perpendicular to the gravity vector) or vertical (axis parallel to the gravity vector) orientations.
In the rst orientation the two ends and the horizontal surface are cooled by different ows of air, and the component surfaces are said to be in the parallel ow pattern. In the second orientation the component surfaces are cooled by the same uid ow that starts at the lower stagnation point, ows over the lower hemispherical end, then over the vertical cylindrical surface, and nally over the top hemispherical end. In this case the component surfaces are said to be in the series ow pattern. The previous method of partitioning a complex body shape into parallel or series ow patterns can be applied to many interesting natural convection problems. Some orientations such as inclined short cylinders with at ends or hemispherical ends, or inclined cuboids are more dif cult to model.
If the buoyancy-induced ow over a complex body shape can be partitioned into N component surfaces with , wherẽ A i = 1, and the corresponding can be determined,
then the composite body-gravity function for the entire body 
or the series ow pattern formula
For two-dimensional surfaces, such as vertical disks or plates of arbitrary shape with variable perimeter P(z), the body-gravity function can be easily obtained from the following simple formula, which was derived from Eq. (3) after setting sin = 1
where S(z) denotes the ow distance from the leading edge to the trailing edge of the differential surface dz and P max is the maximum perimeter of the surface. These formulas along with the semiempirical results recommended by Yovanovich and Jafarpur 15 for horizontal surfaces facing upward or downward will be used to determine the composite body-gravity function for the horizontal circular and square toroids and their equivalent cylinders.
Diffusive Limits
Since is identical to , (Ref.
3) analytical or nuNu S * A A merical solutions for the circular and square toroids and their equivalent cylinders must be obtained.
Circular Toroid
Analytical and numerical solutions for isothermal circular toroids are available. 11, [17] [18] [19] The dimensionless shape factor obtained from the analytical solution is 20 and their properties are known. 18, 21 The previous series solution converges very slowly as D/d ® 1; however, it converges rapidly to the asymptote for D/d > 8: 
Square Toroid
The square toroid shown in Fig. 1 does not have an analytical solution. Numerical results based on the surface element method (SEM ) using ring sources 11, 22 are available for a range of values of 2S/D 0 . For convenience and completeness, the SEM values of are given in Table 3 . S *A An accurate correlation equation for the square toroid results can be developed by transforming the square toroid into a similar circular toroid. This is accomplished by two simple geometric rules: 1) set the surface area of the similar circular toroid equal to that of the square toroid and 2) set the mean perimeter of the similar circular toroid equal to that of the square toroid. Applying these rules gives the geometric relationship between the transformed circular toroid and the square toroid as
which provides good results when it is substituted into Eq. (8) for 2S/D 0 0.1. To achieve good agreement with the SEM results for 2S/D0 > 0.1, the correction
ST is recommended, where the equivalent D/d is given by Eq. (11) . These correlation equations provide values of for the S *A square toroid over the full range of the parameter 2S/D 0 , and when compared with the SEM results the maximum difference is less than 0.8%.
Circular Cylinder
The dimensionless shape factor equation for circular cylinders of L and d
was recommended by Yovanovich 3 and
which is based on the long prolate spheroid asymptote. The previous equations for the dimensionless shape factor for circular and square toroids and circular and square cylinders will be used to develop general models for natural convective heat transfer from these bodies in a subsequent section.
Body -Gravity Functions for Toroids and Cylinders
The general expression for the body-gravity function with the parallel and series ow pattern composite equations 13 will be used to develop general equations for 1) horizontal circular cylinders with active ends, 2) horizontal square cylinders with active ends, 3) horizontal circular toroids, and 4) horizontal square toroids.
Circular Cylinder with Active Ends
The body-gravity function for the sides of a horizontal circular cylinder is = 0.891(L/d ) 1/8 , and it is = 1.0209
for each vertical circular end according to Lee et al. 13 By means of the composite formula [Eq. (4)], these relationships combine to
The
Square Cylinder with Active Ends
The body-gravity function for horizontal square cylinders with active ends can be developed directly from the cuboid model of Yovanovich and Jafarpur
after putting H = W = S, where H and W represent the height and width, respectively, of the cuboid.
The body-gravity function can also be estimated by the method of inscribing and circumscribing a circular cylinder inside and outside the square cylinder. This approach gives two values of the effective length-to-diameter ratio:
Horizontal Circular Toroid
The toroid surface is partitioned into the outer and inner subsurfaces by passing a vertical plane through the ring axis. The geometric parameters for the outer and inner subsurfaces in terms of the toroid parameter D/d > 1 are as follows:
Local Perimeter and Differential Area:
The positive and negative signs are appropriate for the outer and inner subsurfaces, respectively.
Area and Area Fraction:
o,i 2
Body-Gravity Function:
Integration of the general expression with the previous geometric parameters yields the body-gravity functions for the outer and inner subsurfaces
The overall body-gravity function for the toroid can be obtained by means of the composite expression 7 
Equivalent Circular Cylinder
The equivalent horizontal circular cylinder is de ned to be a cylinder whose diameter is equal to the diameter of the toroid and whose length is L = D. By means of Eq. (3) Table 4 along with the percent difference between G tor and G cyl . The values of the body-gravity function for the toroid are greater than the values for the equivalent cylinder; however, the percent difference is less then 0.7%. The body-gravity function for the equivalent cylinder can be used to estimate the body-gravity function for all toroids (D/d 1.5) with negligible error.
Horizontal Square Toroid
The body-gravity function for the horizontal square toroid cannot be developed in a simple direct manner because of its geometric complexity. It is, therefore, necessary to obtain approximate solutions using known solutions. This can be accomplished in two related ways: 1) By inscribing and circumscribing circular cylinders inside and outside the equivalent square cylinder of length L = D, then using Eq. (23) for the body-gravity function of the equivalent circular cylinder with insulated ends, nd two values of that are expected to bound the value for the square toroid. G A 2) Inscribing and circumscribing circular toroids inside and outside the square toroid, then using the result obtained for the equivalent circular cylinder. This method of inscribing and circumscribing circular cylinders inside square cylinders has been used by Jafarpur 14 to nd bounds on that were observed G A to be close.
Since the two approaches just described lead to similar results, the second approach will be used here. The inscribed circular toroid parameter is
i and for the circumscribed circular toroid the parameter is
These relationships, after substitution into Eq. (23) The third more complex method of determining is G A based on the partitioning of the square toroid surface into component surfaces. One approach is based on dividing the total surface into the inner and the outer portions that consist of the bottom, side, and top components. The inner and outer portions can be modeled as component surfaces that are in the series ow pattern similar to the approach taken for the circular toroid. This will give complex relationships for the body-gravity functions for the inner and outer portions. Finally, the overall body-gravity function can be determined by using the parallel ow pattern equation. When this method is applied to the square toroid with D/S = 3, one nds = 1.1988, which is G A 1.7% greater than the value obtained by inscribing a circular toroid inside the square toroid or inscribing a circular cylinder inside the equivalent square cylinder.
Models for Circular and Square Toroids
The shape factor and body-gravity function results presented in the preceding sections can be used to develop general models for natural convective heat transfer from horizontal circular and square toroids and their equivalent cylinders. The general expression for natural convective heat transfer for three-dimensional bodies, as given in Eq. (1), can be used in conjunction with the shape factors and body-gravity functions presented next, to obtain expressions for for circular and Nu A square toroids and circular and square cylinders. 
Square Cylinder (Ends Active): 
Experiments and Results
Steady-state heat transfer measurements were made for the body shapes depicted in Fig. 1 . The body dimensions are found in Table 5 . All bodies had the same total surface area. Each body was machined from aluminum alloy 6061-T6 to a 0.1 mm tolerance, and then highly polished. The low emissivity of the polished surface minimized the radiation heat loss, and the high conductivity (201 W/mK) of the material produced a nearly isothermal surface temperature. The measurements for each case were obtained when the body was suspended in the central square section of the vertical wind tunnel whose crosssectional dimensions are 300 by 300 mm. Each body was suspended in the test section using the lead wires of the embedded heater and thin low conductivity cotton laments to level and support the bodies in a horizontal orientation. The surface temperature T s was measured by three 5-mil copper-constantan thermocouples epoxied into 0.5-mm holes. Power was supplied to the body through a 95-resistance heater that was cemented into a hole 7 mm in diameter by 45 mm deep. To minimize conduction losses from the body, the diameter of the copper heater leads and the thermocouple leads were made as small as possible. To ensure that the bodies were maintained isothermal, a high-conductivity aluminum-based thermal epoxy was used to attach all leads and thermocouples.
Three thermocouples located within the test section were used to measure the ambient temperature T a.
The power to the resistance heaters ranged between 0.5-11 W in increments of 0.5 W. Steady state was achieved when the following three conditions had been satis ed. First, the temperature difference between two consecutive readings was less than 0.1 C, the percent difference between two consecutive temperature readings was less than 0.1%, and nally a minimum time of 20,000 s, based on the lumped-capacitance of the body, must be exceeded. When these conditions were achieved, the heater power and the thermocouple readings were determined based on the average of the next ve consecutive readings. All tests were conducted with half the data obtained for heater power increasing from its lowest level to its highest, and the other half of the data were obtained for heater power decreasing from the high to low power levels. Typically about 22 sets of data were obtained for each body.
The average surface temperature ranged between 30-120 C; and the average surface-to-ambient temperature drop ranged between 7-95 C. The thermophysical properties in the Nusselt and Rayleigh numbers were evaluated at the lm temperature (T s T a )/2. The volumetric coef cient of expansion was calculated at the ambient temperature. Property equations were developed 23 from the tabulated data of Hilsenrath et al. 24 The Nusselt and Rayleigh numbers for all bodies were based on = 106.3 mm. The Rayleigh number range was from 8 A 10 5 to 7 10 6 and the Nusselt number range was from 20 to 35.
The emissivity of each body was measured in a vacuum system. The emissivity-area product A was determined for each body by means of 4 4
where T s is the average of three thermocouple measurements and T a is the average of three thermocouples that were attached to the walls of the bell-jar or freely suspended near the belljar wall. The measured surface temperatures did not vary by more than 1.5% and the ambient temperature had a small variation of 0.9%. The power to the resistance heaters varied from 0.75 to 2.4 W in increments of 0.825 W to produce a surface temperature range of 95-190 C. The measured emissivity for each body ranged between 0.081-0.095. The net heat transfer by natural convection Q was calculated as the difference between the total power supplied to the resistance heaters and the radiative heat loss plus lead losses [Q = Q total (Q r Q leads )]. Conduction losses from each body along the heater leads were calculated as 0.0024(Ts T a ), whereas the losses from the thermocouple leads were calculated as 0.00041(T s T a ) number of thermocouples attached to the body. All conduction lead losses were based on conduction through a rod with a diameter and thermal conductivity equivalent to the leads.
Comparison of Models and Air Data
The proposed general models for natural convection from isothermal circular and square toroids and equivalent cylinders will be compared against air data (Pr = 0.71) for which the Prandtl number function F(Pr) = 0.513.
Circular and Square Cylinders
The air data of Clemes 25 for a circular cylinder with L/d = 10.24 and a square cylinder with L/S = 10.13 are used to The correlation equations and the data of Clemes 25 are compared in Fig. 3 . The agreement between the correlation equations (which differ by less than 9%), for the circular cylinder and the circular and square cylinder data is excellent over veto-six decades of the Rayleigh number. The very close agreement of the data for the circular and square cylinders also con rms the proposed method of inscribing and circumscribing circular cylinders within and outside square cylinders to obtain estimates of the body-gravity function.
The 
0.596
The circular cylinder data of Clemes 25 and the present data are compared with the model predictions in Fig. 4 . The two sets of data are in excellent agreement with each other and they lie between the bounds that differ by less than 9% at the higher values of Rayleigh number. The data are very close to the lower bound established for the L/d = 10.24 cylinder.
Circular and Square Toroids
The correlation equations for the circular and square toroids in the present investigation, with D/d = 3.0, are based on the exact solution value and the numerical value, respectively, for the shape factor, and the upper and lower values of the bodygravity functions as discussed in previous sections on the body-gravity function.
The circular toroid equation reduces to 
0.579
The circular toroid data and the corresponding predictions are compared in Fig. 5 . The agreement between the upper bound equation and the data is excellent. The lower bound predictions lie approximately 9% below the data.
The square toroid data and the model predictions that differ by less than 4.5% are also compared in Fig. 5 . The data lie very close to the lower bound curve at the lower values of Rayleigh number and fall between the two curves at the higher values of Rayleigh number.
The comparisons shown in Figs. 3-5 con rm the validity of the correlation equations that come from the general equations developed in this work. The general equations were based on the general two-term model proposed by Yovanovich [3] [4] [5] for natural convection heat transfer from three-dimensional, convex, isothermal bodies of arbitrary shape.
It should be noted that the lower and upper bound values in Eqs. (29), (31), and (33) were calculated based on F(Pr)G A with Pr = 0.71, where the upper bound is a factor of 2 1/8 larger than the lower bound. The effect of this factor is seen in Figs. 4 and 5.
Summary and Conclusions
General models for natural convection from horizontal isothermal circular and square toroids and their equivalent cylinders have been presented. Simple relationships are proposed for accurate calculation of the diffusive limits (shape factors) for the circular and square toroids for a wide range of their outer-to-inner diameter ratios. Methods and relationships are presented for the evaluation of the body-gravity functions for the circular and square toroids and their equivalent cylinders.
The numerical values of the body-gravity function are found to lie in relatively narrow ranges for both circular and square toroids.
Results from an experimental program are also presented. The air data are found to be in very good agreement with the proposed models and their corresponding correlation equations. The circular toroid data agree well with the upper bound model and the square toroid data lie between the bounds established by the models based on the inscribed and circumscribed method. The difference between these two models is approximately 4.4%, and the data were in excellent agreement with the mean values of the two models.
The data from the equivalent circular and square cylinders were in very good agreement with the proposed models.
